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HW2 (Wednesday)
-

1
.. Deduce the functional equation for Riemann's

3 - function :

51/s12X(()3(s) =5
- 11-s)/2 NES)3(1-s)

,

Se

Hint : Consider g(t) :=Ze-init-

n21

· Show that git) = -+ce +Eg(E)
(the Poisson summation)

· Re(s)>

gltits+ dt=)3(25)

=> I 3(s)=-  g(t)(t-sy
· the integral on the RHS is an entire f-n

· RHS is invariant w
.

r
.

t
.

St1s
.

Remark : This was one of Riemann's original proofs. Note-

that it uses only that 5/2) is defined and analytic

only for Re(s) >1 where 31s=+nS &

n= 1
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2. PW,:= [ft((IR) : spt(f)<[-I,] - the Paley-Wiener space .

(a) Show that PWi is a closed subspace of LYIR).

(b) fePWif is entire , Iflz/IfIkeTlImz &

(c) f is entire
,
(f(z)1 < C(1Hz1)-deTlImzl EfEPNil

(d) Show that the system of functions(The
is an orthonormal basis in PWye

,
and that the

sampling formula (*) provides a Hilbert spaces
isomorphism 12(T) -> PWis .

(e) Put Sit
,
z) -1)

,
teR
,

zED
.

# It- z)

Then
,
for any feDWic f(z) = <f,Sl , z)) (CR)

i.e. Sit
, z) is the reproducing kernel in PW12.

Remark : (c) is a weak version of the Paley-Wienez
-

theorem : f is entire
,
(f(z)1 < Cetz)

,
feLE) EfEPWip

The general version can be deduced (in several steps)
from (c) using the Phagnen-Lindelof principle.
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3. Proje a "polynomial version" of Hardy's thm :

If(x1 (1+ kn) e
-52 (F(3))EH+1312)<32

=> f = Pe-TX2
,

= Qe-X2
, degP, degQin .

4
.
Proce a "one-sided Version" of Hardy's than :

Suppose that Iflke-ax, XL0 , and

1131=632 for 320. Then to provided that

ab is sufficiently large.

#int :

· Wlog, fe's (otherwise, convolve f with a

test function ye Co (1), then do
the same

on the Fourier side)

· Set 16 = fluc)
,
consider the function

(f)* (F.F)
,
and estimate its (two-sided)

delay .
Bancato ycnixyI


