
Fourier uncertainty and uniqueness

Mini-course
,
June 2024.

Program :

(1) Heisenberg uncertainty principle
(2) Hardy's theorem

(3) Benedicks" theorem

(4) Discrete Fourier uniqueness pairs.
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Preliminaries :

· The Fourier transform

-& (3) =S f) -Eric e (e
- xz

= e
- 532)

f(t)=) (3)en 3

· Spaces : (2 = (3 (RP)
,
S = S(RP) /Schwartz space)

Soboleo spaceI :

IIfll=S+13)

-[IIDfl
1122

He = (f : F , Fe I, 3 "invariant Sobolev space."

· Example : feL(IR
& )

f
,
I have compact spt3 => f=0 .
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1
. Heisenberg uncertainty principle :

Th (I) : lasflle · 11312 · Equality
attains iff f(x) = Je

-(Az
,
3)
,
A = diagla,...,ad) , 970.

· Hilbert space/quantum mechanics approach
I Hilbert space

,
A unldd operator

Example :fie ejf ,Ojf , jed, fee

& (A)<F domain of A
,
dense in Th

B(A*) = [ge]e : These <Af, g)= (f,h), FfEDIAS
(then

, A*gh)
· A is symmetric (hermitean) if

B(A) cD(A*) and Af= A*f
,
YftD(A)

((Af
,g)= (f, Ag), #f ,geD(A))

· A is self-adjoint if it is symmetric and

DCA) =BCA*)
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· [A ,BJ=AB-BA lacts on DLAB) 1B(BA))

Ihm (1) : A ,B self-adjoint

=> NIAfIl . llBfIILK(A
,
B]f

,
f) FEOCAB)MOCBA)

.C

the equality sign attains if Af = icBf, ceR

#of (11) :

([A
,
BJf

,
f) = < Bf

,
Af)-(Af

,
BA)

= [Bf
,Af)-Af) = 2 Im (BF,Af)

=> /[A
,
B]f

,
f) l <2/ <Bf

,
Af)I

=2/1BfII . IIAfI)
.

Equality Sign : <Bf
,
AfJeiR & Af = 1Bf

,
Jee

- Azic
,
CER

.

I

Remark: a
,
beRR = [A-a,B-6] = [A,B]
-

=> ll(A-a)fll . ll(B-b)fl= / ([A ,BJf,ful
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(1) = (1) : H = 13 (RP)

Ajf=jf , Bjf=Ojf,

[Aj , Bj]=-j)=

=>f lljfIl-110, fllz
d

=>If [ 12All IIGjfll .22 2
j= 1
& 2

d

=> /2 /fle · [118f)
J= 5= /

=> Ikaflla · 1123 112 -

Ex : Check the case of equality. I
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Direct pfof (1) (Weyl) : d=1

,
At S.

Spif = -)p x(f())
IBP : y = If= FIES'

14 = -Say ,i
=-

,x(f' + ff)
~

=-Sec . 2Re(f

<2)If
=2)Sefi)(SI)
=2(Spe1(9(212
= ↳n lleflle : 113Flla .

D

Ex : Extend to arbiteary & landfeS).
-

#int : Startwith / = 2 Re (f · xE).
J
=1
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If time permits : quantum mechanics origin:

· state of a single particle in RP (d =3) is described by

+ : R
*
- &

, 1141 =1, -wate fun,
↑ and C4, /C =1, describe the same state

141dx prob of finding a particle in a region :

A particle lies in A] =SqH12
mean position : i =S141 (5=H)
variance =SRI4(: Va()

- uncertainty in measuring position
2: Var(4) inSky
· Observables : self-adjoint operators in a Hilbert

space - in our case
,
in E(RP)

<At
,
4) expectation of the observable corresp

to A on a particle described by 4-average



Eb
continuation

value of measure for the observable on a collection

of identical particles described by 4.
#4 =<At

,4)

Var(A) = 11A4-41-the variance/uncertainty
in measurement of A.

observable position" At =Xy ("rectozofopes")

"momentum" A4= +

mean SIR
variance Var(F).

=> Var(4) · Var(F) =(
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· Extension to arbitrary feL? is more tedious.
d=1

Weg , 115Elle , llx120 (= f
,

F are defined pointwise)
Put f := [Ini3E]Y

,
fEL2 (is a symbol here

· We need to show that(e(f=
the rest is the same.

Ex : Complete the proof . Show that equality sign
attains for fix = Ce-ax2 as O, and only for them.

↓

nt : Approximate f by a sequence (fn) c S s.t.

[12+/F 0 for neo
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Wiener uncertainty

Ihm (Hardy) :f(x)=Ole-2) , #(3) =Ole-32) => f =Ce
**

Ex :"Go malextension" f(x= Ole-ax")
,
F 131=01e-b32)

abit => f=0

abf = Ce
- ax

,
F =Ce- 632

abst infinitedimens
,

linear space.

A piece of complex analysis :

Phzagnen-Lindelof principle :

Warm-up : fanalytic in a half-plane M,
continuous in M

,
and Add

· Suppose IfI1 on&M.

Then If11 in M.

& Wlog , 17= [Re(z)>03 .

Put f(z)= :
Fix zeM

.

Take RIZI
,
Mr=MARD

, zeMr .

Ifzl : 1 on&Mr Ifz (2 -Ifz(z) 11 +zl?Then Exo
D
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Ihm (Pheagmen-Lindelof) .

S sector of opening I.

feHol(s)nC(5)
,
IflzkAeBIzI

,
zeS!.

Suppose IfI1 onOS .
Then If 1 in S

PE : Whog, S=Elarg(zk23 ,
2

Fix (71 s.t .22
,
20.

C

Consider f
,
(z) = flz)eEZ

,
zeS

Ifalzs/ = (f(z)le- [Re(z) O=arg(z)

[AeBIzI-31zcosCo 1 if Iz1 =R1.
On &S : Ifsl11f11 ins.

=> If(z) / eelz conCo
ENO

Y I

"Formal extension" : S sector of opening ↓
-

& tHol(s)n((5)
,
IfzAeBizl

,
zeS
,
withpl

Suppose IfI1 onOS . Then IfI1 in S.
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Pf of Hardy's than : Whog C (implicit const in 0) =1.

· f decays super-exponentially
Ex : feLP(IR)

,
If(x)(e-aba

=>Fisanalytic in Elm13)

=> F13+ ig) =Sf(x)e-Cri3x+ 2iXdx analytic ina

(F13+in)) < (e-5X
+2iXdx=eme-T x=e+

F(3) := et32 (3),
· IF(ig)11

· IF(3)111 Cassumption)

· IF(3)(e1324) (f(3)) Le 32 everywhere in Q .

=> IFI=1 inD F = const.
??

We show that IFIE1 in the 1st quadeant.

Fix OLB Sp=/Ocarg(3)< B3 .
Fix 80 .

153313/Get32283721 on arglop (Bclose to s
S

S

depending on 5
=1 on IR

tanpE(
25

= 10327(31/11 in Sp ..Phr-Lind

=> 1 in the first quadrant (p)
=> IFIE1 in the first quadrant (800) D



⑳a

E : Proje a "polynomial version" of Hardy's thm :

If(x1 (1+ kn) e
-2 (F(3))H+1312)<32

=> f = Pe-TX2
,

= Qe-X2
, degP, degQin .

Ex : Proce a "one-sided version" of Hardy's than :
-

Suppose that Iflke-ax, XL0 , and

1131=632 for 320. Then to provided that

a-67
,

where co is a positive numerical constant.

Hint :
-

· Wlog, fe's (otherwise, convolve f with a

test function ye Co (1), then do
the same

on the Fourier side)

· Consider the function (f- )* (FF)
,
and est-

mate its (two-sided) decay , F(x = f(x),

This argument doesn't give a sharp value



E
of the constant co.

The sharp value co= is the same as in"the two-

sided Hardytheorem" . The proof follows similar

lines
, just at the last step one needs to replace the

Phraquen-Lindelof primple by the following
uniqueness lemma, which follows from that

principle:

Lemna : Let I'be an angle of openinga. Sup-

pose feHlot(s) 1C(5)
If(z)1 = AeBlzk ztS,3

and

Ifz)Izable
,
zeoS

.

Then f =0

Ex : Prove the lemma and decuce a one-sided
-

version of Hardy's theorem with=
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Uniqueness/Non-uniqueness pairs

8) space of functions on IR

&f (1, N) cRXI is a uniqueness pair (EP) forI

it : fest
, fly =0, Ely =0 -f=0 .

Otherwise
,
(1
,
5) is a non-uniqueness pain (NUP)

· Invariance : (1,M + (tN, EM) , to

(N
,
4)+ (N+S , P+2) , s ,eeR

Classicalexamples :

(a) N = cTL
,
P = R1(-2 , El , H = Le

11 Up-follows from the sampling the

1 NEP : f(x) = sincixAx

f(z = 0, spt(f) =--+ ] . (Then rescalef

(b) (Benedicks) : fel(IRP)
f
,
F have sets of finite meas. f=0



Le
Preliminaries (for the pf of Benedicks thm) :

· Periodization : Pf() = [ f(xth)
,

sett
.

!

ked

Lemma/Exercise : Suppose feL<(R") · Then

(a) the series converges in 11(T"),

(b)
-
Spot = S+ Pf ,

(c) Pf(k) = #(2)
,
RETL !

Remark : (c) is a form of the Poisson summation.

Pf of Beneclicks than : A = [f03
,

B=+03.

Wlog , m (A) < 1 (after a resealing)

·=SR =MCA

=> XcT&
,
m(X)>0 s .t . P1=O on X

=> for xeX f(xth)=0
,

RETLa (2)
C

·SP1z = m(B)x
--

-

=> FICT! m() = 1 St. P1B10 on

ExforieY
,

3 +keB only for finitely many his

=> for3t]
, [13 +h) to ov for finitely many k's .(9)
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Fix 3-Td
,
consider

fz(u) = 2 flucth)e-2i 3 . (x+h)
kETLP

· feLt(IR) -> fit(2(it) (by (a))

· Fy(k) =F(k+3) (by (c)

=> for a.e .
SETTI

, fr is a trig . polynomial
(B)

· (2) f vanishes on X, m(X) o

Ex: Fz =0 (hint : use that fa is a trigpolynomial)
=> F(k+3) =0 FREE

,
for a. e. SeTa

- I =0

= f =0 I

Remark/Ex : Check that the pf only uses that-

· for a. e . cent
,

the set spt(f)((x+ 4) is finite;

· for a. e . ETTY the set sptE)e(3+#4) is finite.
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Ex : Proce a quantitative version of Benedicks

theorem (Amzein-Berthier) : m(A)
,
m(B) <0

=> Ifll2[C(A ,B) ( )If+SER) , fEERd

Hint :
-

· It suffices to show that IfIEC(A,B) /I
provided that spt(E) <B.
· Suppose 7 (fn)<>(R

"
)
, IIfwllp=1, sptEn)CB,

whileSn> 0 . Wog, (n) is weakly con
vergent in

2

,
denote by I its weak limit.

·Show thatIn-f pointwise, an then that

fud
+
-f in ??

· Check that 11f1l=1
,Spt(f) <A, spt(E) <B,

which contradicts Benedick's theorem.

Remark : Nazarov showed that

C(A
,
B) = eCm(A) on (B)

,
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· Radchenko-Viazovska (2019)

1= + = 50 , M, E, ... 3
,

HeS is a TP
even

[in the general case one needs to add f(0) ,# '(d)]·

This follows from their interpolation formula, which

expresses any function feS by the values of f
-

and I or the set 20,.E,E, ... 3 and two

more values f'(d) and (0)
.
Radchenko and

Viazovska approach was based on the theory
of modular forms.

Very recently , Gabrielli-Gauthier and Venkatesh

found a representation theory approach to their

results
.
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· Toy result : "uniformly super-critical pairs"
1 = [<j<+4 . 3

, X +0
(j+ =0.

↑= 2... Usi <VjUste,3 , Up to

Ihm Suppose

max (11
;
1
, 1+1) (4+-Xj) <E

jETL
max (lUjl, 'Vil) (Usi-Uj) <2.
JETL

Then (1
,
1) is a JP for S

If : Take a<1s.t . LHS· Then

S x21112 = [S1112j

↳ [max (1j) , 11) ( P

= [max(16j1 ,12 R
J

[fa
· In the sameway, S3 2 x
a<1 =) f=0 . D
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Ex : The result persists for a= 1.
-

Hint : Use description of extremat functions in the
Wirtinger inequality .

Remark : the proof uses only fand I' so the
-

result holds for a much wider space H :

Sobolet space :

He = [feL : 3e3
, If=S1+I

F = Ef : F , ehe3 , If= /If+ 11I
&ef A sequence / = (1;/ex is separated if

↑jH -Xj-
2+mej , (4,+1)
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Ex : Suppose (1,5) is a separated uniformly super-
critical pair. Then there exist constants A ,aso

s .t
. YfEth

allfllze = [(1+ 131)1f16712
xEX

+ [(2+ (vi) (F(U1 : Allfllze .

VEM

Hint : to show the left inequality use a quan--

titative version of the Wirtinger inequality .
The right inequality follos from on
elementary bound : for a<b,

Ifla)[*+ 16-a)(1)
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def : A discrete set PCR is I-denseif MIT contains

no interval of length greater than 1.

EX :
-

(a) Let tio and letM be a (2t) -Edense discrete

subset of R .
Then

,
for any 221,

felt
, f(p =0= +2)/f/

(b) Let1 be a -dense discrete subset ofR.

Then
,
for any neN,

feS
, +(y =0ESS 1914) 12

IR
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