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Summer School
«ATA XVI: Sub-Riemannian Geometry and Optimal Transport»
29 July - 7 August 2024 (web page, registration)

This school continues the tradition of Algebra, Topology and Analysis (ATA) summer schools in Ukraine
(see here for the whole history of these schools). It combines scientific lectures and talks with informal
communication and discussions. This year’s edition will have minicourses on sub-Riemannian geometry
and optimal transport along with other lectures delivered by the school participants. The aim of the School is
to support talented students and post-graduates who are interested in fundamental mathematical research and
to supply them with the newest information concerning the current status of research in these fields. There
will also be some preliminary lectures on the basics of manifolds, foliations, spaces of jets, etc., aimed to
help participants follow the subject.

List of lectures:

Introduction to manifolds — Sergiy Maksymenko

Foliations and distributions on manifolds — Dmitriy Bolotov
Sub-Riemannian Geometry — Samuél Borza

An Introduction to Optimal Transport — Wilhelm Klingenberg


https://mathcentre.in.ua/en/events/ata-2024-sub-riemannian-geometry-and-optimal-transport
https://forms.gle/eG1U3XtTPfwuXsgQ7
http://www.math.lviv.ua/ata15/history.html
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Introduction to manifolds
(Sergiy Maksymenko)

A manifold is a topological space which is locally homeomorphic to some finite-dimensional euclidean
space. These spaces are natural models for spaces of states of «real» systems and processes. Usually such
a model is just the space of its parameters, which (in the case of finitely many parameters) can be regarded
as a subset of some Euclidean space. Moreover, real systems often allow arbitrary small perturbations of
their states, which can be interpreted so that every point of the space of systems has an open neighborhood
homeomorphic with some Euclidean space, and thus it is a manifold.

Notice that we have a well-defined notion of a differentiable map between Euclidean spaces. Since the
manifolds locally look like Euclidean space, it is possible to define the notion of a differentiable map between
manifolds, but one needs to endow those manifolds with «smooth structuresy.

It should also be noticed that an implicit function theorem implies that for a smooth function on a Eu-
clidean space its level set near each non-critical point has a natural structure of a manifold. Such a result
also holds for smooth functions (and more generally) for smooth maps between manifolds. In other words, a
smooth function f with the set of critical point A on a manifold M yields a partition of M \ A into manifolds
of dimension dim(A/) — 1. This kind of partition is called foliations. They play an important role in many
branches of mathematics, and will appear in all the courses of this school. These two lectures will cover the
following topics:

e Inverse/implicit map theorems and its variations.

e Smooth manifolds and smooth maps between them.

e Tangent vectors, tangent spaces and tangent bundle of a smooth manifold.
e Submanifolds.
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Foliations and distributions on manifolds
(Dmitriy Bolotov)

A foliation on a manifold M is a partition of M which locally looks as a partition of euclidean space into
“parallel” linear subspaces of the same smaller dimension. The elements of such partitions are called /eaves.
They naturally appear in mathematics almost everywhere, though this is not always explicitly visible. For
example, a partition of the plane into horizontal lines is a foliation. It can also be regarded as a set of graphs
of constant functions R — R. Notice also that if in this example we are given another smooth function
f: R — R, then its critical points are the ones at which the graph of f is tangent to the lines of the above
horizontal foliation.

Such an interpretation of «criticality» in terms of tangent points of a submanifold to the leaves of some
foliation is very important, however it is often not general enough. In different kinds of problems of analysis,
geometry, topology, PDE (including SubRiemannian geometry and Optimal transport) at each point x of a
manifold M we have only some linear subspace P, of the tangent space 7T, M, usually of dimension smaller
than dim(M). Such a choice of tangent plane P, at each point x is called a distribution. Now, given a
submanifold A in M one looks for the points x € A at which A is tangent to the distribution, i.e. whose
tangent space 7, A is contained in P, .

A subumanifolds A C M tangent to the distribution at all points of A are called integral, and they are
of a special interest. Every foliation F on a manifold yields a distribution P by tangent planes to its leaves
being thus integral submanifolds of that distribution. However, not every distribution is tangent to some
foliation. Moreover, there are distributions of codimension 1, the so-called contact structures, which do not
admit integral submanifolds even locally. In this lecture we will discuss foliations, distributions, and the
famous Frobenius theorem characterizing distributions tangent to foliations.
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Sub-Riemannian Geometry
(Samuél Borza)

Sub-Riemannian geometry is a generalization of Riemannian geometry that models systems with non-
holonomic constraints. These structures arise in several areas of mathematics, including control theory, har-
monic and complex analysis, subelliptic PDEs, geometric measure theory, calculus of variations, optimal
transport, and potential analysis. Sub-Riemannian geometry also plays a significant role in many applica-
tions of mathematics, such as robotics, quantum control, and neurogeometry. The lectures will cover the
following topics.

1. Theory of distributions, sub-Riemannian structures, and admissible trajectory.

2. Controllability and Chow-Rachevsky theorem. Cauchy-Carathéodory theorem and the end-point map.

3. Necessary conditions for minimality: Pontryagin’s Maximum Principle, normal and abnormal extremals.

4. The Heisenberg group, the Grushin plane, the Martinet flat structure, Contact structures, and Carnot
groups.

5. Metric tangent for sub-Riemannian structures.

References.

e Andrei A. Agrachev, Davide Barilari, and Ugo Boscain. A Comprehensive Introduction to sub-Riemannian
Geometry, Textbook

e André Bellaiche. Sub-Riemannian Geometry, Textbook

e Ludovic Rifford. Sub-Riemannian Geometry and Optimal Transport, Textbook


https://people.sissa.it/~agrachev/agrachev_files/ABB-final-SRnotes.pdf
https://link.springer.com/content/pdf/10.1007/978-3-0348-9210-0.pdf
https://math.univ-cotedazur.fr/~rifford/Papiers_en_ligne/MEMOIR_RIFFORD.pdf
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An Introduction to Optimal Transport
(Wilhelm Klingenberg)

Introduction. Optimal transport deals with the problem of moving one distribution of mass to another
distribution as efficiently as possible. For example using a pile of sand to fill a hole of the same volume so as
to minimize the average of the distance function ¢(z,y) = |x — y| of sand that is moved in the process. It was
first stated by Gaspard Monge in 1781 and has seen applications in mathematics, economy, data sciences,
and image processing. The lectures will address this in the framework of the Calculus of Variations, will be
self contained, and accessible to undergraduate students of mathematics.

Background in Analysis. We will define the concept of density function, which is the mathematical
description of a mass, and its push forward by a map of domains, the definition of convexity of a function
¢, the second derivative condition, Legendre transform of a real function, convex dual of a functional, and
Jensen’s inequality.

The Monge Problem. We will cover the Monge minimization problem of transport for a continuous cost
function ¢(x, y). And we will compute an example in one space dimension.

The Dual Kantorovich Problem. We will present the associated dual maximization problem due to
Leonid Kantorovich in 1942, and its relationship to MP.

Brenier Theorem. This chapter will feature the 1987 solution by Yann Brenier of the optimal transport
problem for quadratic cost function ¢(z,y) = |z — y|? (rather than the Euclidean distance function alluded
to above).

Optimal transport in sub-Riemannian geometry is the restriction of transport to occur along paths whose
velocity vectors lie in certain subspaces.

References.

e Filippo Santambrogio. Optimal Transport for Applied Mathematicians: Calculus of Variations, PDEs,
and Modeling, Textbook

e M. Thorpe. Introduction to Optimal Transport, notes

e L. Ambrosio, N. Gigli. 4 user’s guide to optimal transport, notes


https://math.univ-lyon1.fr/~santambrogio/OTAM-cvgmt.pdf
https://www.damtp.cam.ac.uk/research/cia/files/teaching/Optimal_Transport_Notes.pdf
https://cvgmt.sns.it/media/doc/paper/195/users_guide-final.pdf
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INTERNATIONAL CENTRE ~ MIDXKHAPOLOHWW LIEHTP
FOR MATHEMATICS MATEMATUKN
IN UKRAINE B YKPAIHI

JIiTHA mIKoJ1a
«ATA XVI: Cy6piMmanoBa reomeTpisi Ta ONTUMAJIbHE TPAHCIIOPTYBAHHSD)
29 mumas - 7 cepras 2024 (web page, registration)

1151 mKoma MpOAOBKY€E TPAAMLI0 YKPAaTHCHKUX JITHIX MK « Anredpa, Tomonorist i AHaniz» (ATA) (Bcro
ICTOPIFO IMX IIKUT MOXHA MPOYUTATU TYT). BOHA MO€NHY€E HAyKOBi JIEKIl Ta IOMOBiAl 3 HEhOPMATLHUM
CHIIKYyBaHHAM Ta AucKycissmu. MeToto 1lIkonu € migTpuMKa TamaHOBUTUX CTYJCHTIB 1 aCHIpaHTIB, SKi ITiKaB-
NAThC (GyHAAMEHTATEHUMHI MaTeMaTUYHUMU JTOCIIPKEHHSIMH, 1 HalaHH iM HaiiHOBIImOI iH(popMaii mpo
CY4YacHUH CTaH JOCIIPKEHb Y IUX Taly3ax. Y [bOTOPIYHIN MIKOJi OyayTh MpeACTaBIeHI MiHi-KypCcH 3 CyO-
PimMaHOBO1 reoMeTpii Ta ONTUMAIBHOTO TPAHCIIOPTYBAHHS, Ta 1HIII JIEKIIi1, SIKi YUTATUMYTh YYaCHUKH IIKOJIH.
Takokx ydacHHKaM IIIKOJI Oyze 3alpOIIOHOBAHO JEKIbKA MMONEPEIHIX JIEKITiH 3 OCHOB TeOpii MHOTOBH/IIB Ta
Teopii mapyBaHb.

CHucoOK JeKIii:

Beryn 1o Teopii muoroBuaiB — Cepriii MakcumMeHKo

HlapyBaHHs Ta po3nogiiu Ha MHOroBuaax — JImutpo bonoros
CyopimanoBa reomerpisi — Camyens bop3a

Beryn 1o onTuManbHOTO TpancnopTyBanHs — Bimerensm Kiinrenbepr


https://mathcentre.in.ua/ua/events/ata-2024-sub-riemannian-geometry-and-optimal-transport
https://forms.gle/eG1U3XtTPfwuXsgQ7
http://www.math.lviv.ua/ata15/history.html
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Beryn 1o Teopii MHOTOBUIIB
(Cepriii MakcumMeHKo0)

MHoroBua — 1ie TOMOJOTIYHUI MPOCTIp, SIKUH € JOKaIbHO TOMEOMOP(GHHUM JEIKOMY CKIHYCHHOBHMIp-
HOMY €BKJIIJOBOMY TpocTopy. Taki MpoCTOpH € MPUPOJHUMH MOAEISMH U IPOCTOPIB CTaHIB peaTbHUX
mporieciB. 3a3BHUaii, MOIECIITIO «PeabHOI CHCTEMM» € TIPOCTIp ii mapameTpiB, KW (Y BUITaAKY CKIHUEHHOTO
Yrciia mapaMeTpiB) MOJKHA PO3TIISAATH K MIIMHOKHHY JESIKOTO eBKJIiI0BOTO0 IpocTopy. Kpim Toro, peanbHi
CHCTEMH YacTO JOIMYCKalOTh JOBLIbHI Mai 30ypeHHs CBOIX CTaHiB (3Ha4eHb mapameTpiB). OcTaHHE AKpa3 i
MOJKHA IHTEpIPeTyBaTH TakK, 0 KOKHA TOYKA MPOCTOPY CTAaHIB Ma€ OKiJl ToMEOMOP(HUI 0 €BKIIiI0OBOTO
MIPOCTOPY, @ OTXKeE IeH MPOCTip € MHOTOBHUIOM.

OCKiTbKM MHOTOBH/IU JIOKQJIFHO BHUIVISIAIOTH SIK €BKIIIZOBI MPOCTOPH, TO MOXKHA BU3HAYUTH TOHATTA
JTU(EPEHIIIHOBHOTO BiJOOPaXKEHHS Mi’K MHOTOBHJIAMH, aJie I[i MHOI'OBHJIU MONIEPEIHBO MOTPIOHO HATUIUTH
«IIaJKUMH CTPYKTYPaMm».

Cuiz Takox 3ayBakKUTH, 10 TEOPEMa MPO HesIBHY (PyHKLII0 PaKTHYHO CTBEPAXKYE, IO AJIS Kol QyH-
KLii Ha eBKJI1I0BOMY ITPOCTOPi il MHOXXHHA PiBHS B OKOJIi pETyIIpHOI TOUKH € MHOTOBUIOM. Lleit pe3ynbrar
TaKOX CIPABEITUBHIA IS I1aKkuX (QYHKIIN (1 OUIBIN 3arajibHO) IS IIAJKUX BiIOOPaXKEHb MiXK MHOTOBH1a-
M. [HIIMME coBamMu, miaaka QyHKIis f 13 MHOKHHOI KPUTHYHUX TOYOK A Ha MHOTOBHAI M 1ae po30UTTS
M \ A na muoroBuau po3miprocti dim(M/) — 1. Taki po30UTTS € YACTUHHUMH BUITQJKaMH O1MIBII 3araJIbHUX
pO30UTTIB, SIKi HA3WBAIOTh MIAPYBAHHSAMU. BOHU BiirpatroTh BAXKIUBY POJIb Y 0araTrboX po3/ijiax MaTeMaTHKH
Ta 00TOBOPIOBATUMYTHCS Y BCIX Kypcax Ili€l KoK,

Jlexmii oXOIUTFOBATUMYTH TaKi TEMU:

e Teopemu npo oOepHeHY/HesIBHY (YHKIIIIO Ta IX Bapiarlii.

e [1anki MHOTOBHIY Ta MIAAKI BiMOOPa)KEHHS MiXK HHMH.

o JloTH4Hi BEKTOPH, AOTUYHI IPOCTOPHU Ta ZOTUYHE PO3LIAPYBaHHS IJIaJIKOTO MHOTOBHIY.
e [ligMHOTrOBHIN.
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IIlapyBaHH# Ta PO3MOALIA HA MHOTOBHAAX
(Amutpo boJsioToB)

[HapyBauns vHa MHOTOBUAI M -— 118 po30uTTs M, Ke TOKaIHHO BUTIIAIAE SIK PO3OUTTS €BKIIiTOBOTO MPO-
CTOPY Ha «TapalieJbHi» JHIWHI M AMPOCTOPH OTHAKOBOI aJie MEHIIIO1 po3MipHOCTI. EleMeHTH Takux po30ut-
TiB HAa3WBAIOTH Jicmamy. BOHN MPUPOTHO BUHUKAIOTH (X04a HE 3aBXIW B SBHOMY BUIUISJII) B MaTeMaTHII
Maiike ckpish. Hampukias, po3GUTTs IIOIMHH HA TOPH30HTAIBHI JIiHil € mapyBaHHAM. Foro Takox MoxHa
po3mIAAaTé CyKynHicTh rpadikiB noctiiHux ¢yakmiin R — R. Bapro 3ayBaxknTy, 1m0 SKIIO B IHOMY MPH-
KJaJi HaM JIaHo iHIy ragky ¢yHkmiro f: R — R, To ii KpUTHYHI TOYKH BiAIIOBIAIOTH TOYKAM JOTUKY
rpadika f 10 NiHIA HABEAEHOTO BHIIE TOPH30HTAIBHOTO IIApyBaHHS.

Lls iHTEpIIpeTaliss «KPUTHIHOCT» B TEPMiHAX JOTHYHHUX TOYOK ITIJMHOTOBHLY /IO JIUCTIB JESKOTO IIa-
pYBaHHS € TyXe BaKJIMBOIO 1 KOPHCHOIO, aJle HaBiTh BOHA YacTO BHUSBIIIETHCS HEOCTATHHO 3arajlbHOI0. Y
pI3HUX 33ja4ax aHajizy, reomerpii, Tonojorii, PDE (Bkirodatoun cyOpiMaHOBY T€OMETPII0 Ta ONTUMAalIbHE
TPaHCIIOPTYBaHHS) y KOXKHIM Touni  MHOroBHAY M MM MaeMmo JHIle JesKy NJOTHYHY IUIOIUHY Py, po3-
MipHicTb siKoi 3a3Bu4ail MeHma 3a dim(M/). 3agaHHs TakuX AOTHYHUX IUTomuH P, y Beix Toukax x 3 M
Ha3MBAEThCS po3nodiiom Ha . B wiit cutyariii, Matoun migmuoroBus A B M, CTaBUTHCS MUTAHHS PO 3HAXO-
JDKEHHS TOYOK X Ha A, IUist sIKuX Tx qoTiuHuil mpoctip T, A 10 A mMicTuthes B P

[ToTpiOHO TaKOX 3ayBaXkKHMTH, 110 KOKHE LIAPYBaHHS HA MHOTOBHJI 1HAYKY€E PO3MOILI JOTUYHUX ILJIO-
LIMH 10 Horo JaucTiB. OfHAaK He KOKEH PO3MOIUT € JOTHYHUM JI0 AESKOT0 MIapyBaHHS. bijbl Toro, icHYIOTh
PO3MOAITH KOPO3MIPHOCTI 1, Tak 3BaHI KOHMAKMHI cpykmypu, 10 SIKAX HEMOXKJIMBO IPOBECTH JTOTUYHHUH
MHOTOBHJI B )KOJHIH To4Ii. Y Ii#f €K1l MU OOTOBOPUMO TIOHSATTS MIAPYBaHb Ta PO3MOLIIB, & TAKOXK BiIOMY
Tteopemy @pobeHiyca, sika XapakTepu3ye po3MOIUIH, IO € JOTUYHUMH JI0 [IapyBaHb.
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CyOpimanoBa reomerpist
(Camyeasn bop3a)

CyOpimaHOBa TeOMETPis € y3araaIbHCHHSIM PIMAaHOBOI TEOMETPIi, TKa MOJIEITTIOE CHCTEMU 3 HETOJIOHOMHHU-
MU OOMEKeHHSMH, 10 IPUPOAHO BUHUKAIOTH Y 0ararbox 00JacTsSX MaTeMaTHKH, TAKUX K TEOpis KepyBaH-
HS1, TApMOHIYHHAN Ta KOMIUIEKCHUN aHaji3, CyOeminTiyHi qudepeHianbHi piBHIHHS B YaCTUHHUX ITOX1THHX,
reoMeTpHYHa TeoPist MipH, BapialliiiHe YNCIIeHHs, ONTHMaJIbHE TPAaHCTIOPTYBaHH Ta Teopii motenmiamis. Cy-
OpiMaHOBa TeoMeTpisd TaKOX BiJIirpae 3HAYHY POJIb Y 3aCTOCYBAHHSAX MAaTeMaTHKH 10 pOOOTOTEXHIKH, KBaH-
TOBOTO K€pyBaHHA Ta HelporeoMeTpii. Ha nexiisx OyayTh po3mIsHYTI HACTYIIHI TEMH.
1. Teopis po3mofiniB, CyOpiMaHOBI CTPYKTYpH Ta JOMYCTUMa TPAEKTOPIs.
2. Kepoganicts i Teopema Hoy-Pauescrkoro. Teopema Komni-Kapareomopi Ta BijoOpaxeHHs KiHIIEBOT TO-
YKH.
3. HeoOxigHi yMOBM MiHIMaJIbHOCTI: IPUHLUI MakcuMyMy [loHTpsriHa, HOpMaJbHI Ta aHOMANBHI eKCTpe-
MaJti.
4. I'pyna I'eiizenOepra, mionmHa [pymmHa, miocka CTpykTypa MapTiHe, KOHTaKTHI CTPYKTYpH Ta IpyId
Kapno.
5. MeTpuuHi TOTUYHI IPOCTOPH ISl CyOpPIMAaHOBUX CTPYKTYD

Jlireparypa.

e Andrei A. Agrachev, Davide Barilari, and Ugo Boscain. 4 Comprehensive Introduction to sub-Riemannian
Geometry, Textbook

e André Bellaiche. Sub-Riemannian Geometry, Textbook

e Ludovic Rifford. Sub-Riemannian Geometry and Optimal Transport, Textbook


https://people.sissa.it/~agrachev/agrachev_files/ABB-final-SRnotes.pdf
https://link.springer.com/content/pdf/10.1007/978-3-0348-9210-0.pdf
https://math.univ-cotedazur.fr/~rifford/Papiers_en_ligne/MEMOIR_RIFFORD.pdf
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BCTyH A0 OIITUMAJBHOI'O TPAHCIIOPTYBAHHSA
(Binbreanm Kiinrenoepr)

Beryn. Teopist onTHMaibHOTO TPaHCHOPTYBaHHS 3aliMa€eThCsl NPOOIEMOI0 Hale(heKTUBHIILIOTO TepeMi-
LICHHS OJHOTO PO3IOJTY MacH B IHIIMKA po3nofii. Hampukiaa, Marouu Kymy HiCKy HOTPiOHO 3alIOBHUTH
HUM OTBIp TaKOT0 caMoro 00’eMy, Tak 1100 TpH IIbOMY JOIATKOBO MiHIMi3yBaTH cepeHe 3HAUYeHHS (DYHKIIIT
BijicTaHi c(x,y) = |x — y| micky, sKuii mepeMilryeThes B poieci. Briepiue 1s npo6inema Oyna chopmynbo-
BaHa 'acmapom Momzkem y 1781 pori. Bona 3Haiina 3acTocyBaHHS B MaTeMaTuLli, €KOHOMiLi, HayKax Ipo
naHi, 06poO1i 300pakeHb. Mu po3rsiiaTuMeMo 110 IpoliieMy B paMKax BapianiiiHoro uucieHHs. Jlekmii
OyZyTh aBTOHOMHHMMH Ta IOCTYITHUMH JUIS CTYACHTIB OakajaBpaTy MaTeMaTHKU.

Ba3oBi noHsaTTSI. MU pO3MIsiHEMO MOHATTA (QYHKIII I'YCTHHH (SIKa € MaTEMaTUYHOIO MOJEIUIIO Macu) Ta
MOAMBUMOCH SIK TaKa Maca IEPEHOCUTHCS BIIEPEA BiIOOpaXEHHIMH, JaMO O3HAUCHHS OIYKJIOCTI (yHKIII,
c(hopMyITIOEMO JOCTATHI YMOBH OIYKIIOCTI B TepMiHaX APYroi MOXiaHOI GyHKII, 1 Takok 0OTOBOPHMO ITe-
petBopenHs Jlexxanapa AificHOT (QYHKIII1, OMyKIJIe CIIPsSHKEHHS, Ta HEPIBHICTh CHCEHA.

IIpo6aema Momnzka. B 11iii JIekiii Mu po3mIssHEMO TPoOIIeMy MiHiIMi3allii TpaHCITOpTYBaHHS MoOHXa st
HerepepBHOI GyHKIIT BUTpar ¢(z, y) Ta 00YHCIMMO PHKIIA] B OMHOBUMIPHIH CHTYyaIIi.

IIpo6aema aBoicTocti KantopoBuya. Mu 00roBoprMO IBOICTY 3a7ady MakcuMizarii chopMyIbOBaHy
Jleonimom Kantoposudem y 1942 porri, Ta ii 38’5130k 3 TpoOiIeMor0 MomHxa.

Teopema bpenbe. B miii nexii Oyne HaBeIeHO PO3B’ 30K ONTUMAIIBHOI TPAHCIIOPTHOI 3aadvi sl KBa-
nparuuHoi Gynkuii Baprocti c(z,y) = |v — y|? (He dyHKuii eBkinOBOT BifCTaHI, PO SIKYy 3ragyBanocs
BuIle), orpuManuii lHHoM bpenbe B 1987 porti.

OnTuManbHAM TPAHCHIOPTYBAHHSAM B CyOpiMaHOBIN TeoMeTpii Ha3UBaIOTh OOMEKEHHS TPAHCIIOPTYBaHHSA
Ha [UISIXU, BEKTOPHU IIBUIKOCTI SIKMX JISKATh Y MIEBHUX ITiJIPOCTOPAX.

Jliteparypa.

e Filippo Santambrogio. Optimal Transport for Applied Mathematicians: Calculus of Variations, PDEs,
and Modeling, Textbook

e M. Thorpe. Introduction to Optimal Transport, notes

e L. Ambrosio, N. Gigli. 4 user s guide to optimal transport, notes


https://math.univ-lyon1.fr/~santambrogio/OTAM-cvgmt.pdf
https://www.damtp.cam.ac.uk/research/cia/files/teaching/Optimal_Transport_Notes.pdf
https://cvgmt.sns.it/media/doc/paper/195/users_guide-final.pdf

